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Abstract

Recursive path analysis is a useful tool for inference oncuesece of three or more response
variables in which the causal effects of variables, if ang,ia one direction. The primary objective in
such analysis is to decompose the total effect of each Variato its direct and indirect components.
Methods for recursive analysis of a chain of continuousaldeis are well developed but there is a lack
of uniform methodology when the variables are categoricethis paper we propose an approach for
categorical response variables that is based on genetdilimar models. The proposed method has
the flexibility of allowing the use of common categorical@atodels such as the Poisson, Probit and
logistic regression models, along with definitions of dir@ed indirect effects in terms of relative risks
and odds ratios. The method can be implemented easily usindard statistical software such as the
GENMOD procedure of SAS. This proposed method is illustraiging real data.

AMS Subiject Classificatior§2J12; 62F10.
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1. Introduction

Structural equation modeling and recursive path modeisalkey role in causal analysis
of a sequence of outcome variables (Maruyama, 1998, Chajptdn the terminology of
structural equation modeling, recursive path models teféhre case where all causal effects
are in a single direction in that the outcome variable is aliyisffected by a chain of
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more than one predictor variable, each of which may be afteby any of the preceding
variables in the chain. For instance, when modeling thectsffef mother’s health status
during pregnancyY;) and child’s low birth weightY,) on the likelihood of developmental
delay or disability during the first three years of the clsltife (Y3), we have an outcome
variableYs which may be affected by the chain of predictor variaMe¥,. Clearly, because
the effects in the chait, Y, Y3 are in a single direction ¥> cannot affect; andYs cannot
affectY, orY; — a recursive model is appropriate in this case.

The primary objective in analysis of causal effects is taohegose the total effect of each
variable into its direct and indirect components (Hoyle93p In the above examp¥ can
have a direct effect oWz and there can be an indirect effect through the intermedie
ableY,. When all variables in a chain are continuous variablegcsiral equation modeling
(SEM) methods for recursive path analysis are well develoge noted by Pearl (2001),
SEM methods of path analysis have been mostly restricteidear analysis. Assuming a
hierarchical structural model in which the expected resperare expressed as linear com-
binations of the predictor variables, these methods atitie Ordinary Least Squares (OLS)
techniques for estimating and testing the direct and ictleffects. For a review of recursive
path analysis with continuous predictor variables, seegt{1(1934, 1960), Duncan (1966),
Land (1969), Goldberger (1972), and Asher (1976, chapter 3)

Path analysis with categorical predictor variables hag lgelied in social, econometric,
psychometric, medical and epidemiological research. Kewén spite of a wide variety of
applications of recursive path analysis and recent woriredihg its application to categor-
ical predictor variables (see Section 2), the use of thegbads for practical data analysis
has suffered due to a lack of simple methodology for estimgadind interpreting direct and
indirect effects of a chain of categorical outcome variable

The objective in this paper is to suggest a method of receimth analysis that simplifies
the estimation and interpretation of direct and indiret¢@t of categorical outcome vari-
ables. The proposed method uses generalized linear madelsequence of categorical
response variables that are dependent on a set of indegeradeables. The method is
unified in the sense that it has the flexibility of allowing tee of common categorical data
models such as the Poisson, probit and logistic regressimtels, along with definitions of
direct and indirect effects in terms of well understood cammsk measures such as rela-
tive risks and odds ratios. The method can be implementélgt easgg standard generalized
linear model software such as the GENMOD procedure of SAS.

This paper does not address the underlying theoreticafrgtgans and/or conditions that
are logically necessary to support causal interpretatiostatistical conclusions derived
from path analytic methods. References cited in Sectioni2 pmsome important concep-
tual papers in this active area of current research. Thes®i@uspecify conditions under
which the causal effects are identifiable. The aim of thegaregaper is more pragmatic: to
demonstrate to researchers a methodology for decompdwrtgtal effect of a categorical
response variable by utilizing some well-known propertiethe generalized linear model.

OLS-based recursive path analysis methods are not suftatdategorical response vari-
ables for two reasons. First, such methods do not work welrge of the problems associ-
ated with modeling expected responses as unrestrictear lamembinations of the predictor
variables. Second, the simple products of regression c@sffs used to measure causal
relationships between continuous predictors are es#igmtiaaningless in the case of cate-
gorical variables because these coefficients have difféngarpretations in the continuous
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and discrete cases. In the continuous case, the regresgffitients are used to measure
the changes in the mean response as a function of the changes predictor variables,
whereas in the categorical case they represent the chantiesprobabilities of responses.
We extend OLS methods to analysis of categorical responsesdaleling the expected
responses using generalized linear models (GLM) as desthlk McCullagh and Nelder
(1989, Section 2.2).

The paper is organized as follows. In Section 2, we presented survey of earlier
work on recursive analysis of categorical variables. Afteioducing the proposed recursive
model for binary categorical variables in Section 3, we defire direct and indirect effects
for these models and discuss their properties in Sectioredtid 5 shows how the binary
model can be generalized to multinomial responses whiléid@®e6 contains a discussion
of how the proposed model can be fitted using the GENMOD praeeof SAS. Section 7
presents an example to illustrate the method using lonigiadidlata on early childhood
diagnosis of developmental delay or disability as a fumctid health and demographic
variables. Two appendices provide mathematical detaiteefikelihood function and the
calculation of standard errors.

2. Background

Some early work on causal inference for categorical vagmid by Goodman (1973a, b).
Using a combination of logistic and loglinear models, heposed methods for estimation
and testing of the model parameters for models incorpayaimpriori knowledge of the
causal relationship. See Hagenaars (1990, Chapter 2),ndage (1993, chapter 2) and
Hagenaars (1994, 1998, 2002) for a modification of the Goadapgroach that leads to a
methodology similar to the well known LISREL model for conibus variables (Joreskog
and Sorbom, 1989). Vermunt (1996) provided more detailshenrésults of Hagenaars.
None of these papers address the question of defining, distin@ad interpreting direct and
indirect effects of categorical predictors. Wilson andIBye(1983) developed a methodol-
ogy for analyzing quasi-linear recursive models — modeds &ne functions of linear com-
binations of predictor variables — containing both categgbrand continuous variables as
either exogenous or endogenous variables. For the case alhéte variables are discrete,
they showed how the direct and indirect effects can be etunas logarithms of appro-
priate odds ratios. The methodology described by theseomutixtended the method of
path analysis of recursive models with continuous vargtdenodels with both continuous
and discrete variables. However, their methodology canuie gomplex, both in terms
of computation and interpretation, even in such simple batmonly occurring situations
involving binary endogenous variables and categoricabotiouous exogenous variables.
Also, their approach of modeling probabilities as lineambinations of variables is prob-
lematic because, in general, such practices lead to mifiggemodels (Agresti, 1990, Sec-
tion 4.2.1).

Johnson (2001, Section 6.4) considered the problem of éixtgthe well known method
of “Calculus of Coefficients (COC)” for analyzing recursigleains of continuous variables
to the analysis of recursive systems with categorical nespwariables and/or nonlinear
relationships between response and predictor variabledefining suitable measures of di-
rect and indirect effects, she developed a method of arsadgdied the “Calculus of Effects”
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that is an extension of COC for continuous endogenous ilagab categorical variables.

Johnson (2001, Section 7.1) did mention the possibility easuring effects using relative
risks and odds ratios, but did not address the problem indtieng of generalized linear

models. Eshima et al. (2001) provided a method of analyzéecgnsive systems of cate-
gorical endogenous variables in which the structural ie@tahip between the variables is
specified by a logistic regression model without interactierms. Despite the fact that
their method provided a reasonable definition of the diradtiadirect effects, the method

suffers from the fact that it is restricted to logistic reggidn models and does not allow for
the possibility that there may be exogenous variables tiiat be included in the model. As
we shall see in Section 5, their definitions of the direct amtirect effects under the logistic

model can be considered as approximations of the effectunemproposed in this paper.

Recently, there have been several attempts (Robins andhi@neke 1992; Pearl, 1995;
Spirtes et al., 2000, Chapter 3) to investigate conditiateasary for causal interpretation
of statistical conclusions and extend the linear model @aausalysis techniques to nonlin-
ear and nonparametric models. Robins and Greenland (1@92)aped a theory of causal
analysis assuming the existence of certain counterfagiatdntial) random variables, while
Spirtes et al. (2000, Chapter 7) and Pearl (1995) used dteatyclic graphs (DAGS) to do
the same. The causal analysis techniques developed byahtwes are applicable to con-
tinuous and categorical outcomes in non-linear and nompetréic models. However, unlike
the counterfactual theory of Robins and Greenland, the DA&e8 theories directly incor-
porate path-analytic techniques for defining and estirgadirect and indirect effects. See
Robins (2003), Van der Laan and Petersen (2004), Rubin §2@@&&rl (2000, Chapter 7)
for comparisons of assumptions, implications and appilitabf the above approaches.

3. The Model for Binary Outcomes

Suppose there is an ordered sequence chusally ordered binary response (endoge-
nous) variable¥1,Ya, ..., Yy, each with possible values 0 and 1, and a vectdeioflepen-
dent (exogenous) variables:

Z=(21,2s,...,%).

The assumption of causal ordering of the endogenous vasafiplies thal; may have a
causal effect oly; if and only ifi < j.

LetYp = 0 and define the vectors of variables antecedent and subgeqgden the causal
chain as

Yhi = YoYi,...,Y 1), i=1...m
Y& = (Yt Ym), i=1...,m-1

Then the conditional expectation Wf givenY aj = Yai, Ysi = Ysi andZ = z equals the
conditional probability ofY; = 1 givenY aj = Yai, Ysi= YsiandZ = z. That s,

E(Yilyai,ysii2) =P (Y =1|Yai=Yai, Ysi=Ysi,Z=2), i=1...m

The assumption that the effects of teare ordered implies th&, the conditional expec-
tation ofY; is a function ofy,; andz alone. That is, the variabléé satisfy the structural
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equations:
PR=aya,z), i=1....m (3.1)

for some appropriately selected functiams

Two points concerning model (3.1) are worth noting. Firse key assumption in this
model is the assumption of causal ordering which impliesfitia < j, Y; can cause’j but
not vice versa. In practical applications, this assumpsarften justified on the basis thgt
andY;j are characteristics of events occurring in sequence averwithY; referring to the
earlier event. Second, the causal chain implied by modg) (an be reversed using Bayes
Theorem:

P(Yi|Yai = Yai,Z) P(Yai = YailZ)
SaPMYiYai=Ya.Z)P(Yai=YalZ)’

where the summation in the denominator is over thé possible values ofq.

In this paper we focus on situations in which the model in)Y8la generalized linear
model. That is, we assume that for each=1,...,m, there exists a linear combination,
I pi, of the covariate valueg; andz such that (3.1) can be expressed as

P(Yai =VYail¥i,Z) =

R=gp), i=1,....,m (3.2)

whereg(-) is an invertible real-valued function defined @, 1). McCullagh and Nelder
(1989, page 27) refer ip; andg(-) as the linear predictor and the link function, respectively
Some of the most commonly used link functions gfp) = log p for loglinear regression,
g(p) = Iog(%}) for logistic regression angl p) = ®~1(p), whered is the standard normal
distribution function, for probit regression.

In this paper we shall restrict our attention to simple ling@dictors of the form

Ipi = Bo+ BiaYa+ -+ Bii-1Yi1+VaZa + -+ ViZk

(3.3)
=YABi+Z'y;,
where
Bl = (Bo,....Bii1),
V;r - (M117"'7M,k)7 i:17"'7m'

Results for more complex linear predictors containing kigérder and/or interaction terms,
though somewhat more complicated, may be derived in a ktfaigvard manner from the
results for the linear predictor (3.3).

4. Definitions of Effects of Binary Outcomes
In a causally ordered sequence each variable can have aaffemt as well as an indirect

effect on any subsequent variable, with their sum beingdted effect. We begin with the
definition of the total effect.
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Thetotal effect(TE) of Y; onYj, i < j, whenY aj andZ are fixed ayaj andz, respectively,
is the change, measured on the scale of the link fungifonin the conditional probability
of Yj = 1 resulting from changiny from 0 to 1. Thus the total effect &f onY; is a com-
parison of the conditional probability & = 1 givenY; = 1 with the conditional probability
givenY; = 0. The total effect may be expressed as

TEj(yai,2) = g(P(Y; =1Yai=YaiYi =1,Z =2))
—g(P(Y; =1|Yai =Yai,Yi =0,Z = 2)). (4.1)

The total effect ofY; onY; depends only on the values of the antecedent and exogenous va
ables whereas the direct and indirect effects will also ddpm the values of the variables
intermediate t& andYj. For 1<i4+1<j—1<m,let

Y|ij = (Yi+17 e anfl)

denote the sequence of endogenous variables intermealitartdY;.

The direct effect (DE) of Y; onY; whenY;, Yiij andZ are fixed atya;, yiij andz,
respectively, is the change, measured on the scale of thiilictiong(-), in the conditional
probability ofY; = 1 resulting from changiny from O to 1. That s,

DEij (Yai,Yiij,2) = 9(P(Yj =1Yai =Yai,Yi = 1,Yiij = Viij,Z = 2))
—g(P(Yj =1Yai =yai,Yi = 0,Yiij =Viij,Z2=2)).  (4.2)

The direct effect of an outcome variabfeon a subsequent outcome varialjedefined in
(4.2) is a comparison of an appropriately chosen functiothefconditional expectation of
Y; when; is held fixed at the reference value 0 with the same functiath@fconditional
expectation o¥j when; is fixed at the value of interest 1.

The indirect effect (IE) of Y onYj whenY a;, Yiij andZ are fixed atya;, yiij andz,
respectively, is the difference between the corresponmitad and direct effects. That s,

IEij (Yai,Yiij ,Z) = TEj(yai, z) — DEij (Yai, Yiij , 2)- (4.3)

Three important consequences of the above definitions aréhwioting. First, in the
frequently used special case where the linear predictotieafrm (3.3), the direct effect
of Y; onY;j is

DEI] (YAiaYIij 72) - l p] (yAi7 17YIij 72) - I pJ (yAia an”j 72)
= Bii,
a result consistent with that found in path analysis (Durk@®#b, page 31) of a sequence of
continuous endogenous variables.
Second, the definitions are consistent with the practiceofaaring risks using log rel-
ative risk in log-linear models and log odds ratio in logistiodels. For example, for log-

linear models the link function ig(p) = log p and the expressions for direct and total effects
reduce to

DEij(YAiaYIij,Z)—|Og{ (v Yai = yai,Yi lij = Yiij )}7

P(Yj=1Yai =Yai,Yi =0,Y}ij =Viij,Z =2)
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PV =1[Yai =yai,Yi =12 =2
TEij(YAi,Z)—Iog{ (Yj = LY ai = yai, i )}.

P(Yj=1|Yai =Ya,Yi =0,Z =2)
Thus, for log-linear models, the direct and total effecs@efined as the logs of the direct
and total conditional relative risks d@; = 1) given (Y; = 1) relative to(Yj = 1) given

(Yi = 0). Consequently, the corresponding conditional relatisksriare obtained by expo-
nentiating the effects.

Third, because the direct and indirect effectsypbn Y; are functions ofya;, yii; and
z, one may desire a single overall measure of each of theseteffSuch measures can
be obtained by calculating appropriately weighted avesameer the possible values of
(Yai,Yiij»Z). Thus, for example, iWv(yai, iij ,z) are nonnegative weights such that

ZW(yAiay”j aZ) = 17

where the summation is over all possible value§/af, yiij , z), the average or adjusted direct
effect may be defined as

DEij = % W(Yai,Yiij,2)DEij (Yai, Yiij , 2)- (4.4)

See Section 7 for an example.

5. Extension to Multinomial Outcomes

The binary model in Section 3 and the corresponding defimstaf the direct and indirect
effects can be extended to multinomial outcomes in a sttfaighard manner. Suppose for
i =1,...,m, theith response variablé;, is multinomial withL; levels and lety; be an
(Li — 1) dimensional vector of dummy variables in which tfte element equals 1 if the
response level i§ and 0 otherwise. We generalize the model (3.2) by assuming

Pi :gil(lpi)v I :13"'7m7 (51)

whereP; is the (L; — 1) dimensional vector of probabilities fof;, Ip; is a(L; — 1) dimen-
sional vector of linear combinations:

Ipi = Bio+Bir Y1+ +Bii_1Yi-1+ ViZ,
such that

* B,yis a(Li — 1) dimensional vector of intercepts.
* Forj>1,Bjisa(Li—1) x (Lj— 1) matrix of coefficients.

* y.Z is the term for exogenous variables,

andg~*(Ip;) is theL; — 1 dimensional vector resulting from applyimg?® on the vector
Ip; componentwise. The effect df onY; may be defined as in Section 4 except that the
single effect in the binary case will be replaced by(an— 1) x (Lj — 1) effect matrix. For
example, thek, ) element of the matrix of direct effects ¥f on Yy, whenYs, ..., Y,_1 are
fixed atys,...,ym-1 is the change, measured on the scale of the link fundgien in the
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conditional probability ofY; = | resulting from changind; from L; to k. In symbols,

DE(Ym,Yi)u = gP(Ym=1Y1=KYo=Yo,...,Ym-1=Ym-1))
—g(Pr{Ym=IY1=Ly;Y2=y2,...,Ym-1=Ym-1})-

As in the case of binary outcomes, the matrix of direct effexftY; on Yy under model
(5.1)is

Estimation and interpretation of the effects in the binaagechave direct analogues in the
multinomial case. However, in the following sections, waoentrate on the binary case.

6. Statistical Inference

The likelihood function for fitting the generalized lineaodel (3.2) is shown in Ap-
pendix A. SinceB; andy; appear only in théth regression equation, their point estimates
can be obtained by fitting the model fBr using standard statistical software such as the
GENMOD procedure in SAS. The effect estimates are caladilayeeplacing the regression
coefficients with their estimated values in the functiomahis of the effects. For instance,
in the log-linear model, the total effect ¥f onYyatZ =zis

o [{Pm=1V=1Z=2)}
TEm(2) = |09{ {P(Ym=1Y1=0,Z= Z)}}

o E{P(Ym=1Y1=1Y,...,Yn-1,Z =2)}
B E{P(Yn=1Y1=0,Y2,....Ym1,Z=2)} |’

(6.1)

where the expectations in the numerator and denominatavitireespect to the conditional
distribution of (Y2, ...,Yn-1) givenY; = 1,Z = zandY; = 0,Z = z, respectively. Fom= 3
and simple linear predictor of the form (3.3), the expras&in(6.1) reduces to:

TEis(z) = log[{P(\3=1Y1=1Y,=1,Z=2)P(Y =1}y = 1,Z = 2)
+PYs=1Y1=1Y2=0Z=2)P(Y=0Y1=1,Z=2)}/
(P(Ys=1Y1=0,Y,=1,Z=2)P(Y=1]Y; =0,Z = 2)
+PYz=1¥1=0,Y2,=0,Z=2)P(Y2=0Y; = 0,Z = 2)} ]

1+exp{ B+ PLo1+2"¥,} (exp{Bs2} — 1) } . (6.2)

Pt '09{ L+ exp{Bo+2'Y,} (exp{Bazt — 1)

If ﬁzo, ﬁ21,[§32 andy, are the estimates of the regression parameters, the estirtatal
effectis

TEi3(2) = Be1 +log { 1+ exp{Boo+ Bzr+ 2" ¥} (exp{ B3z} — 1) } _ (6.3)

1+ exp{Bo+ 2" ¥} (expl a2} — 1)
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Again, the fact that the parameters in fitie regression equation do not appear in any
other equations implies that the information matrix is llaéagonal. Thus the likelihood
estimates of regression coefficients appearing in difteegression equations are uncorre-
lated. We can then use the functional forms of effects andi#iia method to obtain the
standard errors of the effect estimates.

When the number of variables is small, the total, direct, maddrect effects are easily
expressed as functions of regression coefficients by logl the required conditional
probabilities directly. However, when the number of enduges variables is large, the
expression for the total effect can be quite complicate@bse the conditional expectations
in (6.1) are sums of 22 terms and each term needs to be evaluated separately.

One way around this difficulty is to approximate the expecsi@des of the conditional
probabilities in (6.1) with conditional probabilities duated at the expected values of the
random variables that are being integrated. Thus an appediin to the total effect (6.2)
may be computed as

B E{P(Ys=1Y1=1Y2,Z =2)}
TEis(2) = '09{ E{P(Ys=1Y1=0,Y2,Z = 2)} }

~ |Og {P(Y3 = 1|Yl =1Y= E(Y2|Y1 =1Z= Z),Z = Z)} (6 4)
{P(Ygz1|Y1:O,Y2:E(Y2|Y1:0,Z:Z),Z:Z)} ' '

The approximate total effect calculated as in (6.4) can berpneted as the total effect
wherein the intermediate variables are fixed at their me&resa Indeed, this approximate
total effect is the same as the total effect proposed by Eshiabata, and Zhi (2001) for the
logistic model. Another approximation is to use the sampleditional proportions instead
of the model-based conditional expectations when evalg&iY;|Y:,Z = z).

7. An Example

In this section, a subset of maternal and child health datthéoState of Florida linked
from various sources by the Maternal and Child Health andcktlon Research and Data
Center (MCHERDOC) at the University of Florida will be usedltaostrate the calculation and
interpretation of the effects defined earlier. For the pagoof this example, let us suppose
that we are interested in studying the causal effects ofigbedes and/or hypertension (DH)
during mother’s pregnancy and (2) low birth weight of thel@iiLBW) on the incidence of
developmental delay or disability (DDD) in the first thre@y®of the child’s life. Suppose
further that we want to study these causal effects aftessidgifor two exogenous variables:
mother’s prenatal smoking (yes/no) and the child’s genfletetailed analysis in which all
relevant endogenous and exogenous variables are takezoimda@leration is being prepared
for publication elsewhere. Since DH can have causal effatisBW and DDD, and LBW
can have a causal effect on DDD, the sequence : DH, LBW, DDB$a recursive causal
path. Consequently, the required causal analyses can lkeaidorg models of the form (3.2)
with m= 3 andk = 2. Define

v, — 1 if there is diabetes or hypertension during pregnancy,
17 10 otherwise;
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v, — 1 if birth weight is lower than 2500 grams,
2710 otherwise;

Ve — 1 ifDDD is present,
2~ 10 otherwise;

7. 1 if the mother smoked during pregnancy,
170 otherwise;

7, 1 ifthe child is male,
>~ 10 otherwise.

As in (3.2), letR be the conditional probability ofy; = 1) for i = 1,2,3. Under loglinear
models for theR, the structural equations for estimating the regressioarpaters can be
expressed as

logPy = Bio+ 1121+ yi222,
logP> = Boo+ Bory1 + Vo121 + Yoo2o, (7.1)
logP3 = Bao+ Bawy1 + Ba2y2 + V3121 + Y3222.

Assuming Poisson distribution for the eveivt = 1), i = 2,3, we used the GENMOD
procedure of SAS for fitting loglinear models ff andPs. The fitted models are

logP, = —2.6060+0.791%; +0.4173; — 0.192%,,
logP; = —0.5694-+0.0147; + 0.116%, — 0.0952 + 0.021%,.

As noted earlier, the direct effects ¥6f (DH) andY, (LBW) on Y3 (DDD) are 331 and 332,
respectively. Thus the estimated direct effect of DH on DBD.0D147 and that of LBW on
DDD is 0.1167. Also since the direct effects in loglinear ralscare the logs of the relative
risks, the relative risk of DDD for a child whose mother had Betative to a child whose
mother did not have DH is eX{0.0147} = 1.0148. In other words, as the result of the direct
effect of DH on DDD, a child with a DH mother is 1.0148 times ikelly to have DDD as

a child with a mother without DH. The corresponding relatiigl that measures the direct
effect of LBW on DDD is ex§0.1167} = 1.1238.

Table 1 shows the standard errors of the regression coefficieThese standard er-
rors can be used to construct confidence intervals for trecdeffects. For example, a
95% confidence interval for the direct effect of DH on DDD(@0002 0.0292). A 95%
confidence interval for the corresponding relative risKegp{0.0002}, exp{0.0292}) =
(1.0002 1.0296). Equation (6.3) can be used to calculate the estimatedefiéait for each
combination of the values @f andz. The corresponding indirect effects are then obtained
by subtraction. The estimated values of the direct, totdliadirect effects of DH on DDD
are givenin Table 2. This table also shows the sample prigmartthe four smoking-gender
categories.

Since the total and indirect effects vary with populatioaist, one would want to sum-
marize the strata-specific pairs of indirect and total éffesing a single pair of values. This
can be done by taking a weighted average of the strata-speffécts. The weights can be
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Table 1. Parameter estimates and standard errors using loglinedelsio

effect estimate SE
Bzo —2.6060 0.0078
Ba1 0.7919 0.0147
Vo1 0.4173 0.0123
Voo —0.1929 0.0102
Bso —0.5694 0.0030
Bs1 0.0147 0.0074
B3z 0.1167 0.0068
Va1 —0.0952 0.0054
Va2 0.0219 0.0038

Table 2. The direct, indirect and total effects (in log scale) of pragcy diabetes or
hypertension (DH) on early developmental delay or disgb{IDDD) in different
smoking by gender categories.

effects sample

smoking gender direct indirect total proportion
Yes Male 0.0147 0.0137 0.0283 0.0832
Yes Female 0.0147 0.0164 0.0311 0.0756
No Male 0.0147 0.0090 0.0237 0.4368
No Female 0.0147 0.0109 0.0256 0.4044

taken as the sample proportion, which reflects the true pdipal mix; or any weights that
represent the population mix in an idealized populationr é&@mple, we can use equal
weights to adjust for the effects of smoking and gender, orcaue set the proportion of
smoking at a certain percentage to estimate the reductitimeiidDD rate if the rate of
prenatal smoking is decreased by a certain amount througkisgicessation programs.
Using the sample proportions as the weights for combinimgastspecific effects we get
the values 0.0107 and 0.0254 as the indirect and total efffcdDH on DDD. The stan-
dard errors of the estimated total and indirect effects @andmputed using the estimated
covariance matrix of the regression coefficients along withdelta method applied to the
function of regression coefficients in (6.3). The detailsted computation are given in
Appendix B. The resulting standard errors of the estimabéal &ind indirect effects are
0.0074 and 0.0007, respectively. Therefore, the 95% caméelmterval for the indirect and
total effects of DH on DDD ar€0.00930.0121), and(0.01090.0399), respectively. We
have already seen that the 95% confidence interval for tleetdéffect of DH on DDD is
(0.0002 0.0292. On the scale of relative risks, the direct, indirect, artdlteffects of DH
on DDD are 1.0148, 1.0108, and 1.0257, respectively, wighcbrresponding confidence
intervals(1.0002 1.0296), (1.0094 1.0121), and(1.0110 1.0407).

Thus, we may conclude that (1) mother’s prenatal hypemermi diabetes has significant
(p < .05) direct and indirect (due to low birth weight) effects dmld's DDD, and (2)
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the children of mothers with prenatal hypertension or diebare 3% more likely to have a
DDD problem than children of mothers without prenatal hypesion or diabetes.

Appendix
A. The Likelihood Function

To evaluate the conditional probability 4fgivenY a; andZ, we let{Ci1, ...,Cis } denote
the partition determined by the different combinationshaf bbserved values 0fa; andZ.
Let Nj; denote the total number of observation€jpandy;j be the observed number of 1's
for Y in Gjj. LetY;j; denote the random variable corresponding to the realizgtjo The
likelihood function is

m J

L(B.y) = |_l ﬂle{Yij =Vij}- (A1)
I=1]=

Any reasonable assumption about the distributioloWill make PHY;; = yij } a function
of Bj = Pr{Y; = 1/G;}. Denote PfY;; = yij } = h(R;). SinceR; = g !(yA ;B +72]; ¥, the
log likelihood is

m J

1(B.y) = lellog(hogfl(yk,jﬂi +Zi)), (A2)
=1j=

i
whereyy, j andz; are the observed values ¥, andZ taking values that determine the
ijth categonG;j. Since each parameter vectfd:;, y;) appears only in theth summand in

(A.2), it can be estimated from theh model equation only. The estimates can be obtained
using standard statistical packages such as the GENMO[2guoe in SAS.

In the special case whéfi follows the binomial distribution and(p) = log(p/(1— p))
is the logistic link function, the probability dfY;j = yij) is proportional to

Y1 Ry,
and the log likelihood function is
mJ T T T T
B.Y)=3 J;{yu (VA iBi + 2 ¥i] — N log(1+explyR, ;B +Z¥i) }.
If Y; has a Poisson distribution and the link functaip) = log pis log-linear, the probability
of (Yij =yij) is proportional to
exp(—NijRj) - (Nij Ry ),
and the log likelihood can be expressed as

m J

By=3 le{Yij VA1 Bi+Z5 ] —exalyk By + 2 }.
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B. Calculating Standard Errors

From the SAS output, the covariance matriX 8o, B21, Vo1, V22, B31, B32) T is

0.0000612 —0.000031 —0.000034 —0.000049 0 0
—0.000031 00002172 26978x 108  -9.172x 1077 0 0
s — —0.000034  26978x 10 0.0001517 —4.699x 1077 0 0
— | —0.000049 -9.172x107 —4.699x 1077 0.0001048 0 0 ’
0 0 0 0 00000551 —4.371x 10°°
0 0 0 0 —4.371x10°° 0.0000459

and the partial derivatives of (6.2) with respect 8o, B21, Vo1, Vo2, Ba1, B32) " is

0= (AB,C,D,EF),

where
_ exp(Bzo+2" ¥,) (exp(Bo1) — 1) (expBaz) — 1)
[1+exp(Bzo+ Bar+ 2T o) (eXp(Ba2) — 1)][1+ exp(Bao+ 2T ¥2) (eXPp(Bs2) — 1)]
__exp(Bao+ Bar+2"Y,) (exp(Bez) — 1)
1+ exp(Boo+ Bo1+ 2" Yy) (exp(Bs2) — 1)
c_ exp(Bzo+2" ¥,) (exp(Be1) — 1) (exp(Be2) — D)1
[1+exp(Bzo+ Bar+ 2T o) (eXp(Ba2) — 1)][1+ exp(Bao+ 2T ¥2) (eXPp(Bs2) — 1)]
D _ exp(Bao+ 2" ¥,) (exp(B1) — 1) (exp(Bs2) — 1)22
[1+exp(Bzo+ Bor+ZT¥,) (€Xp(Bs2) — 1)][1+ expl B0+ ZT¥,) (€xplB32) — 1)]

E=1
_ exp(Bao+2"y,) (exp(Bz1) — 1) exp(Bs2)
[1+exp(Bao+ Bor+ 2" ¥,) (eXP(Bs2) — 1)|[1+ exp(Bao+ 2T ¥, ) (eXp(fBs2) — 1)]

We calculate the variandg’ Z[J, evaluated at the estimated parameter values, for each set
of values for the exogenous variables. Using the samplegptiops in Table 2, the standard
error for the TE is 0.0074. The standard error for the IE cawlitained similarly, with
value 0.0007. Therefore the 95% confidence interval for tEei€(0.0002 0.0292), the

95% confidence interval for the |IE {§.00930.0121), and the 95% confidence interval for
the TE is(0.01090.0399).
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