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Abstract

Recursive path analysis is a useful tool for inference on a sequence of three or more response
variables in which the causal effects of variables, if any, are in one direction. The primary objective in
such analysis is to decompose the total effect of each variable into its direct and indirect components.
Methods for recursive analysis of a chain of continuous variables are well developed but there is a lack
of uniform methodology when the variables are categorical.In this paper we propose an approach for
categorical response variables that is based on generalized linear models. The proposed method has
the flexibility of allowing the use of common categorical data models such as the Poisson, Probit and
logistic regression models, along with definitions of direct and indirect effects in terms of relative risks
and odds ratios. The method can be implemented easily using standard statistical software such as the
GENMOD procedure of SAS. This proposed method is illustrated using real data.

AMS Subject Classification:62J12; 62F10.
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1. Introduction

Structural equation modeling and recursive path models play a key role in causal analysis
of a sequence of outcome variables (Maruyama, 1998, Chapter1). In the terminology of
structural equation modeling, recursive path models referto the case where all causal effects
are in a single direction in that the outcome variable is causally affected by a chain of
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more than one predictor variable, each of which may be affected by any of the preceding
variables in the chain. For instance, when modeling the effects of mother’s health status
during pregnancy(Y1) and child’s low birth weight(Y2) on the likelihood of developmental
delay or disability during the first three years of the child’s life (Y3), we have an outcome
variableY3 which may be affected by the chain of predictor variablesY1,Y2. Clearly, because
the effects in the chainY1,Y2,Y3 are in a single direction –Y2 cannot affectY1 andY3 cannot
affectY2 or Y1 – a recursive model is appropriate in this case.

The primary objective in analysis of causal effects is to decompose the total effect of each
variable into its direct and indirect components (Hoyle, 1995). In the above exampleY1 can
have a direct effect onY3 and there can be an indirect effect through the intermediatevari-
ableY2. When all variables in a chain are continuous variables, structural equation modeling
(SEM) methods for recursive path analysis are well developed. As noted by Pearl (2001),
SEM methods of path analysis have been mostly restricted to linear analysis. Assuming a
hierarchical structural model in which the expected responses are expressed as linear com-
binations of the predictor variables, these methods utilize the Ordinary Least Squares (OLS)
techniques for estimating and testing the direct and indirect effects. For a review of recursive
path analysis with continuous predictor variables, see Wright (1934, 1960), Duncan (1966),
Land (1969), Goldberger (1972), and Asher (1976, chapter 3).

Path analysis with categorical predictor variables has been applied in social, econometric,
psychometric, medical and epidemiological research. However, in spite of a wide variety of
applications of recursive path analysis and recent work extending its application to categor-
ical predictor variables (see Section 2), the use of these methods for practical data analysis
has suffered due to a lack of simple methodology for estimating and interpreting direct and
indirect effects of a chain of categorical outcome variables.

The objective in this paper is to suggest a method of recursive path analysis that simplifies
the estimation and interpretation of direct and indirect effects of categorical outcome vari-
ables. The proposed method uses generalized linear models on a sequence of categorical
response variables that are dependent on a set of independent variables. The method is
unified in the sense that it has the flexibility of allowing theuse of common categorical data
models such as the Poisson, probit and logistic regression models, along with definitions of
direct and indirect effects in terms of well understood common risk measures such as rela-
tive risks and odds ratios. The method can be implemented easily using standard generalized
linear model software such as the GENMOD procedure of SAS.

This paper does not address the underlying theoretical assumptions and/or conditions that
are logically necessary to support causal interpretation of statistical conclusions derived
from path analytic methods. References cited in Section 2 point to some important concep-
tual papers in this active area of current research. These authors specify conditions under
which the causal effects are identifiable. The aim of the present paper is more pragmatic: to
demonstrate to researchers a methodology for decomposing the total effect of a categorical
response variable by utilizing some well-known propertiesof the generalized linear model.

OLS-based recursive path analysis methods are not suitablefor categorical response vari-
ables for two reasons. First, such methods do not work well because of the problems associ-
ated with modeling expected responses as unrestricted linear combinations of the predictor
variables. Second, the simple products of regression coefficients used to measure causal
relationships between continuous predictors are essentially meaningless in the case of cate-
gorical variables because these coefficients have different interpretations in the continuous
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and discrete cases. In the continuous case, the regression coefficients are used to measure
the changes in the mean response as a function of the changes in the predictor variables,
whereas in the categorical case they represent the changes in the probabilities of responses.
We extend OLS methods to analysis of categorical responses by modeling the expected
responses using generalized linear models (GLM) as described by McCullagh and Nelder
(1989, Section 2.2).

The paper is organized as follows. In Section 2, we present a brief survey of earlier
work on recursive analysis of categorical variables. Afterintroducing the proposed recursive
model for binary categorical variables in Section 3, we define the direct and indirect effects
for these models and discuss their properties in Section 4. Section 5 shows how the binary
model can be generalized to multinomial responses while Section 6 contains a discussion
of how the proposed model can be fitted using the GENMOD procedure of SAS. Section 7
presents an example to illustrate the method using longitudinal data on early childhood
diagnosis of developmental delay or disability as a function of health and demographic
variables. Two appendices provide mathematical details ofthe likelihood function and the
calculation of standard errors.

2. Background

Some early work on causal inference for categorical variables is by Goodman (1973a,b).
Using a combination of logistic and loglinear models, he proposed methods for estimation
and testing of the model parameters for models incorporating a priori knowledge of the
causal relationship. See Hagenaars (1990, Chapter 2), Hagenaars (1993, chapter 2) and
Hagenaars (1994, 1998, 2002) for a modification of the Goodman approach that leads to a
methodology similar to the well known LISREL model for continuous variables (Joreskog
and Sorbom, 1989). Vermunt (1996) provided more details on the results of Hagenaars.
None of these papers address the question of defining, estimating and interpreting direct and
indirect effects of categorical predictors. Wilson and Bielby (1983) developed a methodol-
ogy for analyzing quasi-linear recursive models – models that are functions of linear com-
binations of predictor variables – containing both categorical and continuous variables as
either exogenous or endogenous variables. For the case where all the variables are discrete,
they showed how the direct and indirect effects can be estimated as logarithms of appro-
priate odds ratios. The methodology described by these authors extended the method of
path analysis of recursive models with continuous variables to models with both continuous
and discrete variables. However, their methodology can be quite complex, both in terms
of computation and interpretation, even in such simple but commonly occurring situations
involving binary endogenous variables and categorical or continuous exogenous variables.
Also, their approach of modeling probabilities as linear combinations of variables is prob-
lematic because, in general, such practices lead to misspecified models (Agresti, 1990, Sec-
tion 4.2.1).

Johnson (2001, Section 6.4) considered the problem of extending the well known method
of “Calculus of Coefficients (COC)” for analyzing recursivechains of continuous variables
to the analysis of recursive systems with categorical response variables and/or nonlinear
relationships between response and predictor variables. By defining suitable measures of di-
rect and indirect effects, she developed a method of analysis called the “Calculus of Effects”
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that is an extension of COC for continuous endogenous variables to categorical variables.
Johnson (2001, Section 7.1) did mention the possibility of measuring effects using relative
risks and odds ratios, but did not address the problem in the setting of generalized linear
models. Eshima et al. (2001) provided a method of analyzing recursive systems of cate-
gorical endogenous variables in which the structural relationship between the variables is
specified by a logistic regression model without interaction terms. Despite the fact that
their method provided a reasonable definition of the direct and indirect effects, the method
suffers from the fact that it is restricted to logistic regression models and does not allow for
the possibility that there may be exogenous variables that must be included in the model. As
we shall see in Section 5, their definitions of the direct and indirect effects under the logistic
model can be considered as approximations of the effect measures proposed in this paper.

Recently, there have been several attempts (Robins and Greenland, 1992; Pearl, 1995;
Spirtes et al., 2000, Chapter 3) to investigate conditions necessary for causal interpretation
of statistical conclusions and extend the linear model causal analysis techniques to nonlin-
ear and nonparametric models. Robins and Greenland (1992) developed a theory of causal
analysis assuming the existence of certain counterfactual(potential) random variables, while
Spirtes et al. (2000, Chapter 7) and Pearl (1995) used directed acyclic graphs (DAGs) to do
the same. The causal analysis techniques developed by theseauthors are applicable to con-
tinuous and categorical outcomes in non-linear and nonparametric models. However, unlike
the counterfactual theory of Robins and Greenland, the DAG based theories directly incor-
porate path-analytic techniques for defining and estimating direct and indirect effects. See
Robins (2003), Van der Laan and Petersen (2004), Rubin (2004), Pearl (2000, Chapter 7)
for comparisons of assumptions, implications and applicability of the above approaches.

3. The Model for Binary Outcomes

Suppose there is an ordered sequence ofm causally ordered binary response (endoge-
nous) variablesY1,Y2, . . . ,Ym, each with possible values 0 and 1, and a vector ofk indepen-
dent (exogenous) variables:

Z = (Z1,Z2, . . . ,Zk).

The assumption of causal ordering of the endogenous variables implies thatYi may have a
causal effect onYj if and only if i < j.

LetY0 = 0 and define the vectors of variables antecedent and subsequent toYi in the causal
chain as

YT
Ai = (Y0,Y1, . . . ,Yi−1), i = 1, . . . ,m.

YT
Si = (Yi+1, . . . ,Ym), i = 1, . . . ,m−1.

Then the conditional expectation ofYi givenYAi = yAi, YSi = ySi andZ = z equals the
conditional probability ofYi = 1 givenYAi = yAi, YSi = ySi andZ = z. That is,

E (Yi |yAi,ySi,z) = P(Yi = 1|YAi = yAi,YSi = ySi,Z = z) , i = 1, . . . ,m.

The assumption that the effects of theYj are ordered implies thatPi , the conditional expec-
tation ofYi is a function ofyAi andz alone. That is, the variablesYi satisfy the structural
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equations:

Pi = φi (yAi,z) , i = 1, . . . ,m, (3.1)

for some appropriately selected functionsφi .

Two points concerning model (3.1) are worth noting. First, the key assumption in this
model is the assumption of causal ordering which implies that for i < j, Yi can causeYj but
not vice versa. In practical applications, this assumptionis often justified on the basis thatYi

andYj are characteristics of events occurring in sequence over time withYi referring to the
earlier event. Second, the causal chain implied by model (3.1) can be reversed using Bayes
Theorem:

P(YAi = yAi|Yi ,Z) =
P(Yi |YAi = yAi,Z)P(YAi = yAi|Z)

∑α P(Yi |YAi = yα ,Z)P(YAi = yα |Z)
,

where the summation in the denominator is over the 2i−1 possible values ofyα .

In this paper we focus on situations in which the model in (3.1) is a generalized linear
model. That is, we assume that for eachi, i = 1, . . . ,m, there exists a linear combination,
l pi , of the covariate valuesyAi andz such that (3.1) can be expressed as

Pi = g−1(l pi), i = 1, . . . ,m, (3.2)

whereg(·) is an invertible real-valued function defined on(0 , 1). McCullagh and Nelder
(1989, page 27) refer tol pi andg(·) as the linear predictor and the link function, respectively.
Some of the most commonly used link functions areg(p) = logp for loglinear regression,
g(p) = log( p

1−p) for logistic regression andg(p) = Φ−1(p), whereΦ is the standard normal
distribution function, for probit regression.

In this paper we shall restrict our attention to simple linear predictors of the form

l pi = βi0 + βi1Y1 + · · ·+ βi,i−1Yi−1 + γi1Z1 + · · ·+ γikZk

= YT
Aiβββ i +ZTγγγ i ,

(3.3)

where

βββ T
i = (βi0, . . . ,βi,i−1),

γγγT
i = (γi,1, . . . ,γi,k), i = 1, . . . ,m.

Results for more complex linear predictors containing higher order and/or interaction terms,
though somewhat more complicated, may be derived in a straightforward manner from the
results for the linear predictor (3.3).

4. Definitions of Effects of Binary Outcomes

In a causally ordered sequence each variable can have a direct effect as well as an indirect
effect on any subsequent variable, with their sum being the total effect. We begin with the
definition of the total effect.
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Thetotal effect (TE) ofYi onYj , i < j, whenYAi andZ are fixed atyAi andz, respectively,
is the change, measured on the scale of the link functiong(·), in the conditional probability
of Yj = 1 resulting from changingYi from 0 to 1. Thus the total effect ofYi onYj is a com-
parison of the conditional probability ofYj = 1 givenYi = 1 with the conditional probability
givenYi = 0. The total effect may be expressed as

TEi j (yAi,z) = g(P(Yj = 1|YAi = yAi,Yi = 1,Z = z))

−g(P(Yj = 1|YAi = yAi,Yi = 0,Z = z)). (4.1)

The total effect ofYi onYj depends only on the values of the antecedent and exogenous vari-
ables whereas the direct and indirect effects will also depend on the values of the variables
intermediate toYi andYj . For 1≤ i +1≤ j −1≤ m, let

YIi j = (Yi+1, . . . ,Yj−1)

denote the sequence of endogenous variables intermediate to Yi andYj .

The direct effect (DE) of Yi on Yj when YAi, YIi j and Z are fixed atyAi, yIi j and z,
respectively, is the change, measured on the scale of the link functiong(·), in the conditional
probability ofYj = 1 resulting from changingYi from 0 to 1. That is,

DEi j (yAi,yIi j ,z) = g(P(Yj = 1|YAi = yAi,Yi = 1,YIi j = yIi j ,Z = z))

−g(P(Yj = 1|YAi = yAi,Yi = 0,YIi j = yIi j ,Z = z)). (4.2)

The direct effect of an outcome variableYi on a subsequent outcome variableYj defined in
(4.2) is a comparison of an appropriately chosen function ofthe conditional expectation of
Yj whenYi is held fixed at the reference value 0 with the same function ofthe conditional
expectation ofYj whenYi is fixed at the value of interest 1.

The indirect effect (IE) of Yi on Yj whenYAi, YIi j andZ are fixed atyAi, yIi j andz,
respectively, is the difference between the correspondingtotal and direct effects. That is,

IEi j (yAi,yIi j ,z) = TEi j (yAi,z)−DEi j (yAi,yIi j ,z). (4.3)

Three important consequences of the above definitions are worth noting. First, in the
frequently used special case where the linear predictor hasthe form (3.3), the direct effect
of Yi onYj is

DEi j (yAi,yIi j ,z) = l p j(yAi,1,yIi j ,z)− l p j(yAi,0,yIi j ,z)

= β ji ,

a result consistent with that found in path analysis (Duncan1975, page 31) of a sequence of
continuous endogenous variables.

Second, the definitions are consistent with the practice of comparing risks using log rel-
ative risk in log-linear models and log odds ratio in logistic models. For example, for log-
linear models the link function isg(p) = logp and the expressions for direct and total effects
reduce to

DEi j (yAi,yIi j ,z) = log

{
P(Yj = 1|YAi = yAi,Yi = 1,YIi j = yIi j ,Z = z)
P(Yj = 1|YAi = yAi,Yi = 0,YIi j = yIi j ,Z = z)

}
,
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TEi j (yAi,z) = log

{
P(Yj = 1|YAi = yAi,Yi = 1,Z = z)
P(Yj = 1|YAi = yAi,Yi = 0,Z = z)

}
.

Thus, for log-linear models, the direct and total effects are defined as the logs of the direct
and total conditional relative risks of(Yj = 1) given (Yi = 1) relative to(Yj = 1) given
(Yi = 0). Consequently, the corresponding conditional relative risks are obtained by expo-
nentiating the effects.

Third, because the direct and indirect effects ofYi on Yj are functions ofyAi,yIi j and
z, one may desire a single overall measure of each of these effects. Such measures can
be obtained by calculating appropriately weighted averages over the possible values of
(yAi,yIi j ,z). Thus, for example, ifw(yAi,yIi j ,z) are nonnegative weights such that

∑w(yAi,yIi j ,z) = 1,

where the summation is over all possible values of(yAi,yIi j ,z), the average or adjusted direct
effect may be defined as

DEi j = ∑w(yAi,yIi j ,z)DEi j (yAi,yIi j ,z). (4.4)

See Section 7 for an example.

5. Extension to Multinomial Outcomes

The binary model in Section 3 and the corresponding definitions of the direct and indirect
effects can be extended to multinomial outcomes in a straightforward manner. Suppose for
i = 1, . . . ,m, the ith response variable,Yi , is multinomial withLi levels and letY i be an
(Li − 1) dimensional vector of dummy variables in which thejth element equals 1 if the
response level isj and 0 otherwise. We generalize the model (3.2) by assuming

Pi = g−1(lp i), i = 1, . . . ,m, (5.1)

wherePi is the(Li −1) dimensional vector of probabilities forY i , lp i is a (Li −1) dimen-
sional vector of linear combinations:

lp i = βββ i0 + βββ i1Y1 + · · ·+ βββ i,i−1Y i−1 + γγγ iZ,

such that

• βββ i0 is a(Li −1) dimensional vector of intercepts.

• For j ≥ 1, βββ i j is a(Li −1)× (L j −1) matrix of coefficients.

• γγγ iZ is the term for exogenous variables,

and g−1(lp i) is the Li − 1 dimensional vector resulting from applyingg−1 on the vector
lp i componentwise. The effect ofYi on Yj may be defined as in Section 4 except that the
single effect in the binary case will be replaced by an(Li −1)× (L j −1) effect matrix. For
example, the(k, l) element of the matrix of direct effects ofY1 onYm whenY2, . . . ,Ym−1 are
fixed aty2, . . . ,ym−1 is the change, measured on the scale of the link functiong(·), in the
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conditional probability ofYj = l resulting from changingYi from L1 to k. In symbols,

DE(Ym,Y1)kl = g(P(Ym = l |Y1 = k;Y2 = y2, . . . ,Ym−1 = ym−1))

−g(Pr{Ym = l |Y1 = L1;Y2 = y2, . . . ,Ym−1 = ym−1}).

As in the case of binary outcomes, the matrix of direct effects of Y1 on Ym under model
(5.1) is

DE(Y1,Ym) = βββ m1.

Estimation and interpretation of the effects in the binary case have direct analogues in the
multinomial case. However, in the following sections, we concentrate on the binary case.

6. Statistical Inference

The likelihood function for fitting the generalized linear model (3.2) is shown in Ap-
pendix A. Sinceβββ i andγγγ i appear only in theith regression equation, their point estimates
can be obtained by fitting the model forPi using standard statistical software such as the
GENMOD procedure in SAS. The effect estimates are calculated by replacing the regression
coefficients with their estimated values in the functional forms of the effects. For instance,
in the log-linear model, the total effect ofY1 onYm at Z = z is

TE1m(z) = log

{
{P(Ym = 1|Y1 = 1,Z = z)}
{P(Ym = 1|Y1 = 0,Z = z)}

}

= log

{
E{P(Ym = 1|Y1 = 1,Y2, . . . ,Ym−1,Z = z)}
E{P(Ym = 1|Y1 = 0,Y2, . . . ,Ym−1,Z = z)}

}
, (6.1)

where the expectations in the numerator and denominator arewith respect to the conditional
distribution of(Y2, . . . ,Ym−1) givenY1 = 1,Z = z andY1 = 0,Z = z, respectively. Form= 3
and simple linear predictor of the form (3.3), the expression in (6.1) reduces to:

TE13(z) = log
[
{P(Y3 = 1|Y1 = 1,Y2 = 1,Z = z)P(Y2 = 1|Y1 = 1,Z = z)

+ P(Y3 = 1|Y1 = 1,Y2 = 0,Z = z)P(Y2 = 0|Y1 = 1,Z = z)}/

{P(Y3 = 1|Y1 = 0,Y2 = 1,Z = z)P(Y2 = 1|Y1 = 0,Z = z)

+ P(Y3 = 1|Y1 = 0,Y2 = 0,Z = z)P(Y2 = 0|Y1 = 0,Z = z)}
]

= β31+ log

{
1+exp

{
β20+ β21+zTγγγ2

}
(exp{β32}−1)

1+exp{β20+zTγγγ2}(exp{β32}−1)

}
. (6.2)

If β̂20, β̂21, β̂32 and γ̂γγ2 are the estimates of the regression parameters, the estimated total
effect is

T̂E13(z) = β̂31+ log

{
1+exp{β̂20+ β̂21+zT γ̂γγ2}(exp{β̂32}−1)

1+exp{β̂20+zT γ̂γγ2}(exp{β̂32}−1)

}
. (6.3)
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Again, the fact that the parameters in theith regression equation do not appear in any
other equations implies that the information matrix is block diagonal. Thus the likelihood
estimates of regression coefficients appearing in different regression equations are uncorre-
lated. We can then use the functional forms of effects and thedelta method to obtain the
standard errors of the effect estimates.

When the number of variables is small, the total, direct, andindirect effects are easily
expressed as functions of regression coefficients by calculating the required conditional
probabilities directly. However, when the number of endogenous variables is large, the
expression for the total effect can be quite complicated because the conditional expectations
in (6.1) are sums of 2m−2 terms and each term needs to be evaluated separately.

One way around this difficulty is to approximate the expectedvalues of the conditional
probabilities in (6.1) with conditional probabilities evaluated at the expected values of the
random variables that are being integrated. Thus an approximation to the total effect (6.2)
may be computed as

TE13(z) = log

{
E{P(Y3 = 1|Y1 = 1,Y2,Z = z)}
E{P(Y3 = 1|Y1 = 0,Y2,Z = z)}

}

≈ log

{
{P(Y3 = 1|Y1 = 1,Y2 = E(Y2|Y1 = 1,Z = z),Z = z)}
{P(Y3 = 1|Y1 = 0,Y2 = E(Y2|Y1 = 0,Z = z),Z = z)}

}
. (6.4)

The approximate total effect calculated as in (6.4) can be interpreted as the total effect
wherein the intermediate variables are fixed at their mean values. Indeed, this approximate
total effect is the same as the total effect proposed by Eshima, Tabata, and Zhi (2001) for the
logistic model. Another approximation is to use the sample conditional proportions instead
of the model-based conditional expectations when evaluatingE (Yi |Y1,Z = z).

7. An Example

In this section, a subset of maternal and child health data for the State of Florida linked
from various sources by the Maternal and Child Health and Education Research and Data
Center (MCHERDC) at the University of Florida will be used toillustrate the calculation and
interpretation of the effects defined earlier. For the purpose of this example, let us suppose
that we are interested in studying the causal effects of (1) diabetes and/or hypertension (DH)
during mother’s pregnancy and (2) low birth weight of the child (LBW) on the incidence of
developmental delay or disability (DDD) in the first three years of the child’s life. Suppose
further that we want to study these causal effects after adjusting for two exogenous variables:
mother’s prenatal smoking (yes/no) and the child’s gender.A detailed analysis in which all
relevant endogenous and exogenous variables are taken intoconsideration is being prepared
for publication elsewhere. Since DH can have causal effectson LBW and DDD, and LBW
can have a causal effect on DDD, the sequence : DH, LBW, DDD forms a recursive causal
path. Consequently, the required causal analyses can be done using models of the form (3.2)
with m= 3 andk = 2. Define

Y1 =

{
1 if there is diabetes or hypertension during pregnancy,
0 otherwise;
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Y2 =

{
1 if birth weight is lower than 2500 grams,
0 otherwise;

Y3 =

{
1 if DDD is present,
0 otherwise;

Z1 =

{
1 if the mother smoked during pregnancy,
0 otherwise;

Z2 =

{
1 if the child is male,
0 otherwise.

As in (3.2), letPi be the conditional probability of(Yi = 1) for i = 1,2,3. Under loglinear
models for thePi , the structural equations for estimating the regression parameters can be
expressed as

logP1 = β10+ γ11z1 + γ12z2,

logP2 = β20+ β21y1 + γ21z1 + γ22z2, (7.1)

logP3 = β30+ β31y1 + β32y2 + γ31z1 + γ32z2.

Assuming Poisson distribution for the event(Yi = 1), i = 2,3, we used the GENMOD
procedure of SAS for fitting loglinear models forP2 andP3. The fitted models are

logP2 = −2.6060+0.7919y1+0.4173z1−0.1929z2,

logP3 = −0.5694+0.0147y1+0.1167y2−0.0952z1+0.0219z2.

As noted earlier, the direct effects ofY1 (DH) andY2 (LBW) on Y3 (DDD) areβ31 andβ32,
respectively. Thus the estimated direct effect of DH on DDD is 0.0147 and that of LBW on
DDD is 0.1167. Also since the direct effects in loglinear models are the logs of the relative
risks, the relative risk of DDD for a child whose mother had DHrelative to a child whose
mother did not have DH is exp{0.0147}= 1.0148. In other words, as the result of the direct
effect of DH on DDD, a child with a DH mother is 1.0148 times as likely to have DDD as
a child with a mother without DH. The corresponding relativerisk that measures the direct
effect of LBW on DDD is exp{0.1167}= 1.1238.

Table 1 shows the standard errors of the regression coefficients. These standard er-
rors can be used to construct confidence intervals for the direct effects. For example, a
95% confidence interval for the direct effect of DH on DDD is(0.0002, 0.0292). A 95%
confidence interval for the corresponding relative risk is(exp{0.0002}, exp{0.0292}) =
(1.0002, 1.0296). Equation (6.3) can be used to calculate the estimated totaleffect for each
combination of the values ofz1 andz2. The corresponding indirect effects are then obtained
by subtraction. The estimated values of the direct, total and indirect effects of DH on DDD
are given in Table 2. This table also shows the sample proportion in the four smoking-gender
categories.

Since the total and indirect effects vary with population strata, one would want to sum-
marize the strata-specific pairs of indirect and total effects using a single pair of values. This
can be done by taking a weighted average of the strata-specific effects. The weights can be
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Table 1. Parameter estimates and standard errors using loglinear models.

effect estimate SE

β20 −2.6060 0.0078

β21 0.7919 0.0147

γ21 0.4173 0.0123

γ22 −0.1929 0.0102

β30 −0.5694 0.0030

β31 0.0147 0.0074

β32 0.1167 0.0068

γ31 −0.0952 0.0054

γ32 0.0219 0.0038

Table 2. The direct, indirect and total effects (in log scale) of pregnancy diabetes or
hypertension (DH) on early developmental delay or disability (DDD) in different
smoking by gender categories.

effects sample

smoking gender direct indirect total proportion

Yes Male 0.0147 0.0137 0.0283 0.0832

Yes Female 0.0147 0.0164 0.0311 0.0756

No Male 0.0147 0.0090 0.0237 0.4368

No Female 0.0147 0.0109 0.0256 0.4044

taken as the sample proportion, which reflects the true population mix; or any weights that
represent the population mix in an idealized population. For example, we can use equal
weights to adjust for the effects of smoking and gender, or wecan set the proportion of
smoking at a certain percentage to estimate the reduction inthe DDD rate if the rate of
prenatal smoking is decreased by a certain amount through smoking cessation programs.
Using the sample proportions as the weights for combining strata-specific effects we get
the values 0.0107 and 0.0254 as the indirect and total effects of DH on DDD. The stan-
dard errors of the estimated total and indirect effects can be computed using the estimated
covariance matrix of the regression coefficients along withthe delta method applied to the
function of regression coefficients in (6.3). The details ofthe computation are given in
Appendix B. The resulting standard errors of the estimated total and indirect effects are
0.0074 and 0.0007, respectively. Therefore, the 95% confidence interval for the indirect and
total effects of DH on DDD are(0.0093,0.0121), and(0.0109,0.0399), respectively. We
have already seen that the 95% confidence interval for the direct effect of DH on DDD is
(0.0002, 0.0292). On the scale of relative risks, the direct, indirect, and total effects of DH
on DDD are 1.0148, 1.0108, and 1.0257, respectively, with the corresponding confidence
intervals(1.0002,1.0296), (1.0094,1.0121), and(1.0110,1.0407).

Thus, we may conclude that (1) mother’s prenatal hypertension or diabetes has significant
(p < .05) direct and indirect (due to low birth weight) effects on child’s DDD, and (2)
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the children of mothers with prenatal hypertension or diabetes are 3% more likely to have a
DDD problem than children of mothers without prenatal hypertension or diabetes.

Appendix

A. The Likelihood Function

To evaluate the conditional probability ofYi givenYAi andZ, we let{Ci1, . . . ,CiJi } denote
the partition determined by the different combinations of the observed values ofYAi andZ.
Let Ni j denote the total number of observations inCi j andyi j be the observed number of 1’s
for Yi in Ci j . Let Yi j denote the random variable corresponding to the realization yi j . The
likelihood function is

L(βββ ,γγγ) =
m

∏
i=1

Ji

∏
j=1

Pr{Yi j = yi j }. (A.1)

Any reasonable assumption about the distribution ofYi j will make Pr{Yi j = yi j } a function
of Pi j = Pr{Yi = 1|Ci j }. Denote Pr{Yi j = yi j } = h(Pi j ). SincePi j = g−1(yT

Ai , j
βββ i +zT

i j γγγ i), the
log likelihood is

l(βββ ,γγγ) =
m

∑
i=1

Ji

∑
j=1

log(h◦g−1(yT
Ai , jβββ i +zT

i j γγγ i)), (A.2)

whereyAi , j andzi j are the observed values ofYAi andZ taking values that determine the
i j th categoryCi j . Since each parameter vector(βββ i ,γγγ i) appears only in thei-th summand in
(A.2), it can be estimated from thei-th model equation only. The estimates can be obtained
using standard statistical packages such as the GENMOD procedure in SAS.

In the special case whenYi follows the binomial distribution andg(p) = log(p/(1− p))
is the logistic link function, the probability of(Yi j = yi j ) is proportional to

P
yi j
i j [1−Pi j ]

Ni j −yi j ,

and the log likelihood function is

l(βββ ,γγγ) =
m

∑
i=1

Ji

∑
j=1

{
yi j

[
yT

Ai , jβββ i +zT
i j γγγ i

]
−Ni j log(1+exp(yT

Ai , jβββ i +zT
i j γγγ i))

}
.

If Yi has a Poisson distribution and the link functiong(p)= logp is log-linear, the probability
of (Yi j = yi j ) is proportional to

exp(−Ni j Pi j ) · (Ni j Pi j )
yi j ,

and the log likelihood can be expressed as

l(βββ ,γγγ) =
m

∑
i=1

Ji

∑
j=1

{
yi j

[
yT

Ai , j βββ i +zT
i j γγγ i

]
−exp(yT

Ai , j βββ i +zT
i j γγγ i)

}
.
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B. Calculating Standard Errors

From the SAS output, the covariance matrix of(β20,β21,γ21,γ22,β31,β32)
T is

Σ =




0.0000612 −0.000031 −0.000034 −0.000049 0 0
−0.000031 0.0002172 2.6978×10−6 −9.172×10−7 0 0
−0.000034 2.6978×10−6 0.0001517 −4.699×10−7 0 0
−0.000049 −9.172×10−7 −4.699×10−7 0.0001048 0 0

0 0 0 0 0.0000551 −4.371×10−6

0 0 0 0 −4.371×10−6 0.0000459


 ,

and the partial derivatives of (6.2) with respect to(β20,β21,γ21,γ22,β31,β32)
T is

∇ =
(
A,B,C,D,E,F

)T
,

where

A =
exp(β20+zTγγγ2)(exp(β21)−1)(exp(β32)−1)

[1+exp(β20+ β21+zTγγγ2)(exp(β32)−1)][1+exp(β20+zTγγγ2)(exp(β32)−1)]

B =
exp(β20+ β21+zTγγγ2)(exp(β32)−1)

1+exp(β20+ β21+zTγγγ2)(exp(β32)−1)

C =
exp(β20+zTγγγ2)(exp(β21)−1)(exp(β32)−1)z1

[1+exp(β20+ β21+zTγγγ2)(exp(β32)−1)][1+exp(β20+zTγγγ2)(exp(β32)−1)]

D =
exp(β20+zTγγγ2)(exp(β21)−1)(exp(β32)−1)z2

[1+exp(β20+ β21+zTγγγ2)(exp(β32)−1)][1+exp(β20+zTγγγ2)(exp(β32)−1)]

E = 1

F =
exp(β20+zTγγγ2)(exp(β21)−1)exp(β32)

[1+exp(β20+ β21+zTγγγ2)(exp(β32)−1)][1+exp(β20+zTγγγ2)(exp(β32)−1)]

We calculate the variance∇TΣ∇, evaluated at the estimated parameter values, for each set
of values for the exogenous variables. Using the sample proportions in Table 2, the standard
error for the TE is 0.0074. The standard error for the IE can beobtained similarly, with
value 0.0007. Therefore the 95% confidence interval for the DE is (0.0002,0.0292), the
95% confidence interval for the IE is(0.0093,0.0121), and the 95% confidence interval for
the TE is(0.0109,0.0399).
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